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Abstract The Fokker–Planck–Kolmogorov (FPK) equation plays an essential
role in nonlinear stochastic dynamics. However, neither analytical nor numeri-
cal solution is available as yet to FPK equations for high-dimensional systems. In
the present paper, the dimension reduction of FPK equation for systems excited
by additive white noise is studied. In the proposed method, probability density
evolution method (PDEM), in which a decoupled generalized density evolution
equation is solved, is employed to reproduce the equivalent ﬂux of probability for
the marginalized FPK equation. A further step of constructing an equivalent co-
efﬁcient ﬁnally completes the dimension-reduction of FPK equation. Examples
are illustrated to verify the proposed method.
c© 2014 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1401302]
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The Fokker–Planck–Kolmogorov (FPK) equation plays an essential role in many disciplines
of science and engineering when white noise is involved in a dynamical system.1 The solution of a
FPK equation provides the transition or instantaneous joint probability density function of a state
vector. Unfortunately, the analytical solution to FPK equations is only available for linear systems
and some special nonlinear systems with natural boundary conditions.1,2 Moreover, the dimension
of FPK equation is identical to the dimension of the related Itoˆ’s stochastic differential equation,
which is usually very large in practice. Despite great endeavors, the solution of FPK equation
for generic high-dimensional nonlinear stochastic systems, no matter by analytical approaches
or by numerical methods, is still a great challenge.3,4 An alternative is to reduce the dimension
of the FPK equation so that the problem will become much easier to solve. For instance, the
state-space-split method was proposed by Er.5
In the past decade a family of probability density evolution method (PDEM) was developed
and extensively studied.6 In this method, the principle of preservation of probability is laid as the
foundation of stochastic dynamics. Based on this principle, the existing traditional equations in-
cluding the Dostupov–Pugachev equation, Liouville equation and FPK equation could be derived
in a uniﬁed manner. Moreover, a new family of generalized density evolution equation (GDEE),
which is completely decoupled, i.e., the dimension untied from the original dynamical system, is
established.7,8 Solving GDEE will provide probabilistic information of the physical quantities of
a)Corresponding author. Email: chenjb@tongji.edu.cn.
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concern. This method was applied successfully in various ﬁelds.9–11
The most fundamental idea embedded in PDEM is to decouple the governing partial differen-
tial equation in terms of joint probability density function (PDF) through random event descrip-
tion of the principle of preservation of probability. Whereas the FPK equation could be derived
from the state space description, the equivalence between these two descriptions makes a bridge
that could decouple FPK equation based on PDEM. This has been done by the introduction of
equivalent probability ﬂux.12 In this letter, a further step is taken to construct an equivalent drift
coefﬁcient. Thus the original high-dimensional FPK equation is reduced to a one-dimensional
FPK-like partial differential equation. Two numerical instances are analyzed to illustrate the pro-
posed idea.
It is established that the principle of preservation of probability is a foundation in stochastic
dynamics.7,8 Based on this principle, all the existing traditional equations, e.g., the Dostupov–
Pugachev equation, Liouville equation, and FPK equation, could be derived in a uniﬁed manner.8
Moreover, a family of new GDEE could be established.7
Without loss of generality, a non-linear dynamical system with state equation is considered
X˙ = A(X , t)+B(X , t)ξ (t), (1)
where X = (X1,X2, · · · ,Xn)T represents the n-dimensional state vector, A = (A1,A2, · · · ,An)T de-
notes the n-dimensional drift vector, B = [Bi j]n×r is the input matrix representing force inﬂu-
ence, and ξ (t) = (ξ1(t),ξ2(t), · · · ,ξr(t))T is the r-dimensional white noise excitation vector with
E[ξ (t)] = 0 and E[ξ (t)ξ T(t+ τ)] = Dδ (τ), where δ (·) is Dirac’s delta function.
The system of Eq. (1) can be considered as an Itoˆ’s stochastic differential equation. The joint
PDF of X (t), denoted by pX (x, t), is governed by the following FPK equation in this case6
∂ pX (x, t)
∂ t
=−
n
∑
j=1
∂ (Aj(x, t)pX (x, t))
∂x j
+
1
2
n
∑
i=1
n
∑
j=1
∂ 2σi j(x, t)pX (x, t)
∂xi∂x j
, (2)
where σi j is the component of σ (x, t) = BDBT. It is noted that the above equation could also be
deduced from the principle of preservation of probability.
Alternatively, the stochastic excitation vector ξ (t) can be presented by a random function
vector, e.g., ξ (t) = F (Θ , t) = (F1(Θ , t),F2(Θ , t), · · · ,Fr(Θ , t))T, whereΘ = (Θ1,Θ2, · · · ,Θs) are
the involved basic random variable vector with known PDF pΘ (θ ), in which θ = (θ1,θ2, · · · ,θs).
This can be implemented by, say the spectral representation method13 or the stochastic harmonic
function representation for bandwidth-limited white noise processes.14 By doing so, Eq. (1) can
be rewritten as
X˙ = G(X ,Θ , t), (3)
where G(X ,Θ , t) = A(X , t)+B(X , t)F (Θ , t).
From the random event description of the principle of preservation of probability, a GDEE
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could be obtained6,7
∂ pXlΘ (xl,θ , t)
∂ t
=−X˙l(θ , t)
∂ pXlΘ (xl,θ , t)
∂xl
, (4)
where Xl is the l-th component of X , and pXlΘ (xl,θ , t) is the joint PDF of (Xl(t),Θ ).
It is noted that the FPK equation is an n-dimensional partial differential equation with com-
plex coefﬁcients, and thus is usually unsolvable for high-dimensional systems.4 In contrast, the
dimension of GDEE could be arbitrary natural number, and only depends on how many physical
quantities are of concern. Because both FPK equation and GDEE are based on the principle of
preservation of probability, there is a possibility of bridging them to yield new results.
For the systems subjected to additive white noise excitations, i.e., x does not occur explicitly
in B and σ and thus B(x, t) = B(t) and σ (x, t) = σ (t), Eq. (2) could be marginalized as by
integrating on both sides in terms of x1,x2, · · · ,xn excluding xl12
∂ pXl (xl, t)
∂ t
=−∂Jdrift(xl , t)
∂xl
+
σll(t)
2
∂ 2pXl (xl , t)
∂x2l
, (5)
where pXl (xl , t) =
∫ ∞
−∞ · · ·
∫ ∞
−∞ pX (x, t)dx1 dx2 · · · dxl dxl+1 · · · dxn, Jdrift(xl, t) is the probability ﬂux
contributed by drift, i.e.
Jdrift(xl, t) =
∫ ∞
−∞
· · ·
∫ ∞
−∞
Al(x, t)pX (x, t)dx1 dx2 · · · dxl dxl+1 · · · dxn, (6)
which could be further replaced by an equivalent ﬂux due to drift Jeqdrift(xl, t) which is constructed
by the solution of GDEE, i.e.
Jeqdrift(xl, t) =
∫
ΩΘ
(
X˙l(θ , t)−
r
∑
k=1
BlkFk(θ , t)
)
pXlΘ (xl,θ , t)dθ , (7)
where pXlΘ (xl,θ , t) satisﬁes GDEE in Eq. (4).
Equations (5) and (7) can be obtained by combining Eqs. (2) and (4) and considering the
equivalence between the state space description and random event description. The results from
Eq. (5) are expected to be superior to the direct result from Eq. (4), as indicated in Ref. 12.
In the present paper, a further step is proposed. Because pXl (xl , t) could also be obtained by
solving Eq. (4) and then marginalizing the result by pXl (xl , t) =
∫
ΩΘ pXlΘ (xl,θ , t)dθ . This could
be taken as an intermittent result, denoted as pˆXl (xl, t), then an equivalent drift coefﬁcient could
be constructed as
Aeql (xl , t) = J
eq
drift(xl , t)/pˆXl (xl, t) (8)
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on the support of pˆXl (xl , t). Substituting Eq. (8) into Eq. (5) immediately yields
∂ pXl (xl, t)
∂ t
=−∂ (A
eq
l (xl , t)pXl (xl, t))
∂xl
+
σll(t)
2
∂ 2pXl (xl , t)
∂x2l
. (9)
This is a one-dimensional FPK-like equation.
To reduce the error of numerical solution, the equivalent drift coefﬁcient should be ﬁtted
according to intrinsic information of the dynamical systems. To this end, Eq. (4) is ﬁrstly solved,
then Eqs. (7) and (8) are adopted to construct the equivalent drift coefﬁcient. The coefﬁcient
could be smoothed before being substituted into Eq. (9), which is ﬁnally solved by, say the ﬁnite
difference method with the Crank–Nicolson scheme in the present paper. Alternatively, because it
is a one-dimensional equation, it could also be solved by various other approaches, e.g., the path
integral method.15
A multi-degree-of-freedom (MDOF) linear system and a non-linear Dufﬁng oscillator are
presented to illustrate the proposed method.
Example 1 Consider a linear 9-story shear frame subjected to the ground motion which is
modeled by a Gaussian white noise process. The lumped masses of each story are 9.78×104 kg,
and the lateral inter-story stiffness are 9.9× 107 N/m for the ﬁrst and second story and 8.88×
107 N/m for the rest 7 stories. Rayleigh damping is used, i.e.,C = aM+bK , where a= 0.38 and
b= 0.005.
In this case, originally an 18-dimensional FPK equation should be resolved to get the prob-
abilistic information of the state vector. As a linear system, the solution is known as a joint
Gaussian distribution. If only the PDF of the top velocity is of concern, it is adequate to use the
proposed method to solve a one-dimensional FPK-like equation. To this end, the spectral repre-
sentation method is employed for the realization of bandwidth-truncated Gaussian white noise,
and the Sobol’ point set is adopted as the representative point set. The standard deviation of the
seismic excitation is taken as 0.1 g while the relationship between the standard deviation and the
intensity is σ0 =
√
Sωu/π, where ωu is the cut-off upper circular frequency. Δt = 0.0015 s is
taken as the time step. A total number of 1 000 representative time histories are adopted here.
The PDF of the top ﬂoor velocity at three different time instants by the proposed method,
together with the exact solutions, which are Gaussian distribution in this case, are shown in Fig. 1.
It is seen that by the proposed method high accuracy could be achieved even up to the order of
magnitude of 10−6.
Example 2 Consider a Dufﬁng oscillator subjected to white noise
X¨ + γX˙ +X + εX 3 = ξ (t), (10)
where ε is a nonlinear factor being 0.3. The intensity of Gaussian white noise is set as 0.5.
In this example originally a two-dimensional FPK equation is to be solved. The stationary
solution is known. In the proposed method only a one-dimensional FPK-like equation is to be
solved. For this purpose, the spectral representation method is again employed and the Sobol’
point set is adopted as the representative point set. Δt = 0.001 s is taken as the time step. A
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Fig. 1. PDF of the top velocity of the 9-story shear frame.
total number of 1 000 representative time histories are adopted in this example. For comparison,
the Monte Carlo simulation with 2×105 samples is implemented to yield the mean and standard
deviation, then Gaussian distributions with the obtained mean and standard deviation at three
different time instants are plotted in Fig. 2 (labeled as “MCS”). The PDF of the velocity of the
Dufﬁng oscillator, together with the solutions at three time instants byMonte Carlo simulation, are
shown in Fig. 2. Again it is seen that for this nonlinear system, the proposed approach performs
well even at the order of magnitude of 10−5. Actually, the PDF at 18 s is almost indistinguishable
from the stationary solution which is not shown in Fig. 2 for clarity of the ﬁgure. Besides, the
PDF evolution could also be obtained by the proposed method, as shown in Fig. 3, where the
PDF surface and PDF contour are plotted against time. From Fig. 3, the process of evolving to a
stationary state could be inspected.
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Fig. 2. Typical PDFs of the velocity of the Dufﬁng oscillator.
The FPK equation plays an important role in science and engineering. However, the difﬁculty
in solving high-dimensional FPK equations hinders its applications to high-dimensional nonlinear
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Fig. 3. PDF evolution of the velocity of the Dufﬁng oscillator.
systems. In the present paper, for systems excited by additive white noise, an equivalent drift
coefﬁcient is constructed based on the equivalence of probability ﬂux, which could be obtained
by PDEM in advance. Examples show that the proposed method is promising.
Problems to be further studied include (1) the applicability of the proposed approach to general
nonlinear systems, and (2) more robust and efﬁcient numerical methods for the solution of the
equivalent FPK-like equations.
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